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Models based on recursive adaptive partitioning such as decision trees
and their ensembles are popular for high-dimensional regression as they can
potentially avoid the curse of dimensionality. Because empirical risk min-
imization (ERM) is computationally infeasible, these models are typically
trained using greedy algorithms. Although effective in many cases, these al-
gorithms have been empirically observed to get stuck at local optima. We
explore this phenomenon in the context of learning sparse regression func-
tions over d binary features, showing that when the true regression function
f* does not satisfy Abbe et al. (In Conference on Learning Theory (2022)
4782-4887 PMLR)’s Merged Staircase Property (MSP), a form of heredity
restriction similar to that used in classical ANOVA modeling, greedy train-
ing requires exp(€2(d)) samples to achieve low estimation error. Conversely,
when f* does satisfy MSP, greedy training can attain small estimation er-
ror with only O(logd) samples. This dichotomy mitrors that of two-layer
neural networks trained with stochastic gradient descent (SGD) in the mean-
field regime, thereby establishing a head-to-head comparison between SGD-
trained neural networks and greedy recursive partitioning estimators. Further-
more, ERM-trained recursive partitioning estimators achieve low estimation
error with O (log d) samples irrespective of whether f* satisfies MSP, thereby
demonstrating a statistical-computational trade-off for greedy training. Our
proofs are based on a novel interpretation of greedy recursive partitioning
using stochastic process theory and a coupling technique that may be of in-
dependent interest.

1. Introduction. Decision tree models are piecewise constant supervised learning mod-
els obtained by recursive adaptive partitioning of the covariate space. Although classical,
they remain among the most important supervised learning models because they are highly
interpretable [40, 43] and yet are flexible enough to afford the potential for high prediction
accuracy. This potential is maximized when decision trees are combined in ensembles via ran-
dom forests (RFs) [12] or gradient boosting [23]. These algorithms are widely recognized as
having state-of-the-art performance on moderately-sized tabular datasets [14, 22, 41], even
outperforming state-of-the-art deep learning methods [25], despite the amount of attention
lavished on the latter. Such datasets are common in many settings such as bioinformatics,
healthcare, economics and social sciences. Naturally, decision trees and their ensembles re-
ceive widespread use via their implementation in popular machine learning packages such as
ranger [56], scikit-learn [42], xgboost [17] and 1gbm [30]. Decision trees have
also been adapted to a variety of tasks beyond regression and classification, including sur-
vival analysis [28], heterogeneous treatment effect estimation [9], time-series analysis and
multitask learning.
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While alternatives exist, most decision tree models used in practice make binary, axis-
aligned splits at each partitioning stage. In this paper, we study the statistical-computational
trade-offs of these objects, focusing on regression trees. We assume a nonparametric regres-
sion model under random design:

(D Yi=f"X)+e, i=1,2,...,n
Here, the covariate space X is a compact subset of R9, X1, X, ... X, are drawn i.i.d. from
a distribution v on X, €1, &2, ..., &, are noise variables drawn i.i.d. from a zero-mean noise

distribution on R, with ¢; 11 X; =: (X;1, Xi2,..., Xiq), and f*: X — R is the conditional
expectation function of the response Y given X = x. The observed data is denoted as D,, :=
{Xi,Yi):i=1,...,n}. We will compare and contrast various tree-based estimators for f *
evaluating the accuracy of an estimate f(—; D,) using the L? risk (or estimation error)

R(F(=: D). £7) i= Exn [ (FX: D) — £F5(X))°).

and the accuracy of an estimator f (—; —) using the expected L? risk, Ep, {R( f (—:;Dp),
f*)}. Note that throughout this paper, we will use the convention that random variables are
denoted in upper case while any fixed value they may attain is denoted in lower case. Further-
more, vectors will be denoted using boldface, whereas scalars will be denoted using regular
font. We denote [d] := {1, 2, ..., d}. To supplement standard Big-O notation, we use O to
suppress poly-logarithmic factors.

1.1. High-dimensional consistency. To establish statistical-computational trade-offs for
regression trees, we analyze their performance in a high-dimensional setting (n,d — 00)
with sparsity constraints on f*, that is, if f* only depends on a constant number of s co-
variates. Informally, we say that an estimator avoids the curse of dimensionality, or that it is
high-dimensional consistent, if its expected L? risk converges to zero under a scaling regime
satisfying logn = o(d). It is instructive to note that high-dimensional consistency necessarily
requires some form of feature selection. Under relatively balanced splits, any leaf containing
a constant number of data points has depth O(logn), so along a root-to-leaf path at most
O (logn) distinct covariates can be used for splitting. When logn = o(d), this means that
most coordinates are never split along that path, so the regression function cannot be resolved
in those directions. Consequently, totally randomized trees, as well as other procedures that
grow decision trees independently of the observed responses, cannot be high-dimensional
consistent (see also Section B of the Supplementary Material [47]).

Several works have showed that CART and RFs are high-dimensional consistent given
various condition on f* (e.g., [45] for binary covariates and assuming submodularity, [33]
for arbitrary covariates and assuming additivity, [18] for arbitrary covariates and assuming a
condition called sufficient impurity decrease, which we will define more formally later in this
paper). This helps to explain the successful application of RFs to high-dimensional problems
such as genomics in which n < d.

On the other hand, these works were not able to show whether their assumed conditions
were necessary for high-dimensional consistency. [45] used the exclusive-or (XOR) function
to argue heuristically that some condition is indeed necessary (see Section 5 therein). To
understand this argument, we focus on the setting of binary covariates (X = {:I:l}d) under
the uniform distribution. In this setting, the XOR function can be written as f*(x) = x1x3.
Meanwhile, every tree node corresponds to a subcube C C {£1}¢ and every potential split of
C divides it evenly into two subcubes of lower dimension. With each split fully determined
by the choice of covariate index k =1, ..., d, CART chooses the index of the covariate with
the maximum plug-in squared correlation with the response within C:

(Lx,cc Xin(Y; — ¥e))’

— 2
2 C Y, X | XelC} = = —
@ o X X e = X — (K00) Txce i — 1)
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(see [32] and [31], equation (5)). Unless C already depends on either x; or x;, however, we
have zero correlation in the infinite-sample limit, that is,

3) Corr?{ f*(X), Xi | X e C} = E{X 1 X2X; | X € C)* =0,

fork=1,...,d. This implies that CART cannot differentiate between relevant and irrelevant
covariates, instead tending to make nonadaptive random splits. Hence, it cannot avoid the

curse of dimensionality. As an ensemble of CART trees, RF suffers from the same limitations.
Beyond some heuristic calculations, [45] did not make this argument rigorous, nor did they
generalize beyond the XOR example.

In this paper, we seek to bridge this gap and establish a necessary and nearly sufficient condition
on [* that characterizes when CART is high-dimensional consistent, and, in doing so, explicitly
compare its risk performance against that of ERM and two-layer neural networks trained with SGD.

We do this in the context of binary covariates under the uniform distribution, which although
unlikely to describe any real dataset, provides a useful setting where both results and calcula-
tions can be stated cleanly and precisely, thereby illustrating the essence of the strengths and
limitations of using a greedy splitting rule.

1.2. “Almost” characterization using the merged-staircase property. For any subset S C
[d] of the coordinate indices, let x5 be the monomial function defined by xs(x) =] jesX j.l
It is a classical result from Fourier analysis [44] that every function f*: {£1}¢ — R can be
uniquely written in the form

-
4) =Y asxs:

i=1
for some nonnegative integer r, subsets S, S2,..., S of {1,2,...,d} and nonzero coeffi-
cients as;, j =1,2,...,r. We say that f* satisfies the Merged-Staircase Property (MSP) [1]
if the subsets Si, S», ..., S, can be reordered such that for any i € {1,2,...,r}, we have

i—1
(5) S,-\USj <12

j=1

Note that any monomial of degree k > 1 does not satisfy the MSP. In particular, the XOR
function does not satisfy the MSP. On the other hand, a positive example satisfying MSP is
provided by the function

(6) FH(x) =x1 + x2 + x1x2x3.

For further intuition, note that (4) can be interpreted as an ANOVA decomposition for
f*(X) [53]. Each term g, is a contrast that captures either a main effect (if S; is a singleton)
or a k-way interaction (if S; has cardinality k > 1). Meanwhile, the coefficient «, represent
the effect size. The MSP imposes a type of heredity> constraint on the pattern of interactions
present in the ANOVA model: We can order the nonzero effects so that each newly-introduced
effect brings in at most one new variable that has not appeared in any previously included

11f |S| = s, such a function is sometimes called an s-parity in the theoretical computer science literature.

2The merged-staircase property was first introduced by [1]. See also Section 1.6.

3The MSP is related but not equivalent to the conditions of weak and strong heredity often enforced by ANOVA
modeling in practice [57]. Weak heredity, which asserts that an interaction is present only if at least one of its
lower-order parents is present, is equivalent to the Staircase Property formulated by [4] to analyze neural networks,
and is therefore stronger than the MSP. [4] later generalized the definition to the MSP, which turns out to offer a
better characterization of learnability.
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effect. In other words, interactions cannot appear “out of nowhere” combining many fresh
variables at once.
Our main theorem, stated informally, is the following.

THEOREM 1.1 (Informal). When X = {£1}¢, v = Unif({£1 ) and f* depends only on
s covariates, then the expected L? risk of the CART estimator fcarr satisfies:

o (Necessity) If f* does not satisfy MSP, then EDH{R(fCART(—; D), )} = (1) when-
ever n =exp(0(d)).

o (Near sufficiency) If f* satisfies MSP and its Fourier coefficients {as,}:_, are generic, then
Ep, {R(fearr(=; Da), [*)} = 02 /n) whenever n = Q(2* logd).

Furthermore, regardless of whether f* satisfies MSP, the expected L? risk of the ERM tree
estimator satisfies Ep {R(ferm(—; Dn), f*)} = O(2°logd/n).

The formal statements of these results are provided in the forthcoming Theorems 5.1, 7.5
and 8.1, together with Propositions 6.1 and 6.2. Our upper bound on the risk is attained when
using a minimum impurity decrease stopping condition (see (14) for details) with a fixed
threshold y that is chosen above the noise level but below the signal strength. The lower
bound on the risk does not depend on y or on the particular stopping/pruning choices.

Here, genericity of {ag;}/_, holds with probability one whenever they are drawn from a
distribution with a density (see the discussion in Section 7.1). Up to this asterisk, we see
that high-dimensional consistency for CART can be completely characterized by MSP, a
combinatorial condition on Fourier coefficients. In addition, we see in fact that CART behaves
similar to ERM trees when MSP holds, and similarl to nonadaptive trees when it does not,
thereby also establishing performance gaps: In the former case, CART sharply improves upon
non-adaptive trees, and in the latter case, it performs much worse compared to ERM. Finally,
we remark that our lower bounds when f* does not satisfy MSP also hold more broadly
for RFs, as well as for trees and ensembles grown with other greedy recursive partitioning
strategies.*

1.3. Marginal signal bottleneck. When a regression function f* does not satisfy MSP,
its Fourier decomposition must contain a term «g; xs; that violates (5). This term creates prob-
lems for CART in a similar way as the XOR function. Let us call a covariate X marginally
undetectable in C if (3) holds. As argued before, when X is relevant but marginally un-
detectable, CART cannot distinguish it from irrelevant covariates. One can show that there
exists covariate indices ki, k € S; such that Xy, is marginally undetectable unless C has al-
ready has split on x;, and X, is marginally undetectable unless C has already has split on x;, .
We call this chicken and egg problem marginal signal bottleneck. It results in a highly proba-
ble event in which both these covariates remain marginally undetectable at every iteration of
CART, leading to high-dimensional inconsistency.

On the other hand, it is easy to show that MSP together with genericity implies Chi et al.
[18]’s sufficient impurity decrease (SID) condition. In the setting of uniform binary features,
the SID condition asserts a lower bound for what we call the marginal signal,

(7) lm]fldeOrrz{f*(X),Xk |XeC)>1,

that holds uniformly over all subcubes C on which Var{ f*(X)|X € C} > 0. When (7) holds for
some C, then with enough samples, CART is able to identify and select a relevant covariate
for splitting C. When (7) hold for all subcubes (i.e., SID), we are able to guarantee that CART
is uniformly able to identify and select relevant covariates across every iteration loop of the
algorithm, thereby yielding high-dimensional consistency.

Ttis possible to extend the upper bound to various forms of RFs, but we leave this to future work.
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1.4. Interpreting CART as a stochastic process. Despite the simplicity of the lower
bound argument outlined in the previous section, making it rigorous in finite samples, even in
the special case of the XOR function, has proved elusive until now. To illustrate the difficulty,
consider a fixed query point x € {£1}¢, and consider Q, the root-to-leaf path taken by x. We
have to show that there is a highly probable event on which Q does not split on x; or x.
The usual approach to such a task is to attempt to prove concentration of the split criteria (2)
over all nodes (subcubes) along the path. However, because of the data adaptivity of CART
splits, we have little control over which subcubes appear, and we would be forced to derive
concentration bounds that are uniform over all subcubes. Unfortunately, this desired result is
too strong and does not hold.

To resolve this, we interpret Q as a stochastic process. The measurement at “time point”
t comprises the values Corrz{f*(X), X | XeC},k=1...,d, where C; is the node in Q at
depth 7. We next couple this stochastic process to one that makes totally random splits, which
allows us to use symmetry to calculate the probability that it does not split on xj or x;. On
the event that the two processes are coupled, this also holds for the CART path Q.

Although we have outlined a lower bound for the XOR function, it can be readily adapted
to any function not satisfying MSP. Furthermore, there is nothing particularly special about
the CART criterion. The proof relies on the fact that splits are determined by considering
only the marginal distributions X¢| C,Y for k =1, ...,d (as opposed to the joint distribu-
tion X| C, Y), and hence extends to a larger class of greedy recursive partitioning algorithms,
which we formally define in Section 2. As far as we are aware, the proof technique is com-
pletely novel.

1.5. Robust lower bounds under ‘soft” bottlenecks. Thus far, we have seen that when
f* does not satisfy MSP, it experiences marginal signal bottleneck, which leads to high-
dimensional inconsistency. In some sense, however, being non-MSP is not a robust property
because a small perturbation of the zero coefficients of such a function results in one that does
satisfy MSP. As such, our argument regarding the weaknesses of greedy recursive partitioning
strategies would be stronger if we could show that their performance degrades smoothly as
the regression function f* approaches the class of non-MSP functions. Fortunately, this is
indeed the case, as reflected by the following informal theorem.

THEOREM 1.2 (Informal). When X = {£1}, v = Unif({£1}9), f* depends only on s
covariates, then the expected L? risk of the CART estimator fcagrr satisfies

Ep, |R(f(=:Dy), f*)) =), whenevern = min{O(l/flél,\}lrSlPR(f, f*)) exp(O(d))}.

The value, min r¢msp R(f, f*), can be thought of as measuring the width of a “soft” bottle-
neck. For example, if we set f*(X) = ax| +x2 + x1x2x3, then we have min rgusp R(f, f*) =
a?. We thus see that the sample complexity lower bound scales inversely with the bottle-
neck width, thereby extending the performance gap between greedy and ERM trees to a
larger range of settings. Finally, we remark that MSP can be re-interpreted in graph theoretic
terms as form of connectedness. Under this interpretation, min s¢msp R(f, f*) is equal to the
weight of the minimum vertex cut. We elaborate upon this perspective in Section 5.

1.6. Comparisons with neural networks trained by SGD. We now compare and connect
our results with the literature on training neural networks. Readers who are only interested in
decision trees and ensembles can safely skip this subsection.

In computational learning theory, the problem of “learning” (i.e., achieving small estima-
tion error for) sparse Boolean monomials, also called parities, from i.i.d. noiseless observa-
tions (i.e., & = 0 in (1)) is known to be statistically easy but computationally hard [10], and
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hence has served as a useful benchmark for learning algorithms and computational frame-
works. Recently, this has become a benchmark for studying neural networks (NNs) trained
using SGD, which when combined with our results, allows us to perform, to our knowledge,
the first theoretical head-to-head comparison between this class of algorithms and greedy
regression trees and ensembles.

Indeed, the MSP was introduced by [1] to generalize Boolean monomials. They showed
that in the mean-field regime (very wide two-layer NNs with very small step size; see also
[38]), Cd iterations of online SGD (one sample per iteration) are sufficient (for some C) to
achieve small estimation error whenever f* satisfies MSP and is generic but is insufficient
(for any C) when f* does not satisfy MSP. Intuitively, functions that do not satisfy MSP pro-
duce optimization landscapes with saddle points, which mean-field online SGD struggles
to escape from. Comparing with Theorem 1.1, this creates an interesting analogy between
mean-field online SGD and greedy regression trees and ensembles.

On the other hand, later works inadvertently emphasized the differences between greedy
regression trees and ensembles and NN trained outside the mean-field regime and beyond
the O(d) iteration horizon. In the classification setting, [24] showed that online minibatch
SGD on a two-layer NN can learn the XOR function with ©(d) samples and iterations. Kou
et al. [34] showed that for any k, online sign-SGD with a batch size of é(dk_l) can learn
a k-parity (i.e., degree k monomial) within O (logd) iterations, for a total sample complex-
ity of O(d*=1). Since our lower bound in Theorem 1.1 holds even with noiseless observa-
tions, this establishes a rigorous performance gap between the two algorithm classes for some
non-MSP functions.

Of further interest is [2]’s conjecture characterizing the sample complexity required to
learn any given Boolean function in terms of its “leap complexity.” If this conjecture is
true, NNs trained with SGD outperform greedy regression trees and ensembles on all
non-MSP functions but perform more poorly in comparison on MSP functions. We discuss
these comparisons more elaborately in Section K of the Supplementary Material.

2. Regression trees. In this section, we formally define regression tree models. We do
so in the context of binary covariates, which simplifies both the definitions of these objects
and the notation required to describe them. The reader is referred to [26] on how to adapt
these definitions to a more general context.

2.1. Cells, partitions and splits. A cell C is a subcube of {£1}¢ and is defined as
(8) C={xe{x1}¥: x; =z, for j e J(C))

for a subset of covariate indices J(C) C [d] and a sequence of signs z; € {1}, j € J(C).
Given a choice of covariate index k& ¢ J(C) and sign z € {1}, we define the split operator
as producing the output 7; . (C) :={x € C: xx = z}. Tx.1(C) and Ty _1(C) are called the right
and left child of cell C. A partition P is a collection of disjoint cells whose union comprises
{£1}¢. The size of P is the number of cells it contains and is denoted |P|. We say that another
partition P’ is a refinement of P, denoted P C P/, if for any C’ € P’, there exists C € P such
that C' C C. We say that P’ is a simple refinement of P, denoted P C; P’ if P\P' = {C},
P'\P ={C},Cg} and C = C} UCk. In other words, P’ is obtained from P by applying the
split operator to C. We use I (C) to denote the indices of observations whose covariate vectors
liein C, thatis, I (C) :={i € [n]: x; € C}, and let N(C) := |I (C)|. Furthermore, we denote the
mean response in C as Y¢ := ﬁ Yiere Yi-
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2.2. Regression tree models. Note that every piecewise constant function g on {£1}¢
can be parameterized using a partition P with a fixed ordering of its constituent cells
C1,Ca,...,Cip|, and a set of labels u = (w1, 2, ..., uyp|) representing the values taken by
g on each cell. In other words, we have

IP|

) g Pp) = wjl{xeC)}.
j=1

A binary, axis-aligned regression tree model is a special type of piecewise constant func-
tion, one whose partition P arises from recursive applications of split operators 7.. to
{£1}9 and the resulting cells. More precisely, there exists a sequence of simple refinements,
({(£1}9) =P Cs Py Cy -+ Cy Pip| = P. This recursive structure can be represented as a
labeled binary tree ¥ in which each node corresponds to a cell obtained in the recursion
and parent-child relationships correspond to applications of 7. .. The root of T is the entire
covariate space {£1}¢. As is common in the literature, we will abuse terminology and some-
times use the term “node” to refer to its corresponding cell. Each internal node is labeled
with the covariate used to split it, called its split covariate and denoted as k(C). The non-
internal nodes L1, L, ..., Lp| are called leaves, have empty labels and comprise the final
partition P = P(%). For convenience, we also slightly abuse notation, writing || = |P(%)|
and g(—; %, u) = g(—; P(2), p). We call T the tree structure of the model and p its leaf
labels. The depth of T is the maximum length of a root-to-leaf path, that is, a sequence of
nodes Cp D Cy D --- D C, where C; isaparentof C; 1 in T for j =0,1,...,1 =1, Cp is the
root and C; is a leaf node.

2.3. ERM tree models. Given the observations D,,, the L? empirical risk of a regression
function f: {:I:l}d — R is defined as

A 1& 2
(10) R(f5Dp) == (Y = f(X0)"
i=1
The empirical risk minimizer or ERM tree model is the regression tree model minimizing
this functional subject to a constraint set I on the tree structure and upper bound M on the
possible leaf label values:

(11) ferm(=:Dy) = argmin  R(g(—: T, p): D).

Tel, [nlloo<M
Note that for any fixed tree, the leaf labels that minimize the empirical risk are exactly the
mean responses Y j» 80 long as these values do not exceed M in absolute value.

We include the constraint ||ft||cc < M in (11) in order to obtain a uniform L, envelope
for the class of tree functions. This is used in Proposition 6.2, where we apply local Gaussian
and Rademacher complexity bounds to derive a high-probability excess-risk bound of order
o2 4+ M?. Without such an envelope, the relevant complexities can be unbounded, and the re-
sulting nonasymptotic risk bound may fail to be finite. In typical settings where Y is bounded
or sub-Gaussian, one can moreover choose M of order || f*| o + 0 +/logn so that, with high
probability, the unconstrained ERM and its truncated version coincide. One can also poten-
tially use the approach by [39] that avoids the aforementioned restrictive assumptions. But
carrying out the details is truly beyond the scope of this current work.

2.4. Regression tree algorithms. For computational reasons, regression tree models are
usually defined as the output of an algorithm rather than as the solution to an ERM problem
(11) or any other global optimization program. We call such an algorithm a regression tree
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algorithm, treating it as a function A that takes in the data D,, together with a random seed ®
and returns a regression tree model g(—; ¥, u) = A(D,, ©). Since g is fully determined by its
tree structure and leaf labels, we can write the algorithm as a tuple A = (A;, A;), where ¥ =
A (D, ®) and p = A;(D,,, ©, A, (D, ®)). We call A, and A; the tree structure component
and leaf labels component of the algorithm respectively. In most algorithms used in practice,
A sets the label of each leaf to be the mean response within that leaf. Notwithstanding recent
work commenting about the possible limitations of this approach [6, 46], we hence assume
this to be the case unless stated otherwise, thereby putting the focus squarely on the tree
structure component A;.

2.5. CART. Breiman et al.’s [13] CART is a regression tree algorithm that grows a tree
greedily in a top-down iterative fashion as follows: Starting with the entire space {£1}¢, each
new cell C obtained in the algorithm is first checked for a stopping condition. If the condition
is met, C is not split and is fixed as a leaf in the final tree. Otherwise, its split covariate is
selected to be the maximizer of the impurity decrease, which is defined as

N(Tia(©)
N(C)

_ N(Tio1(0)
N(C)

A(k; C,Dy) :=T(C; Dy) — (Tr1(C); Dy)

(12)
Z(Tk,~1(C); D),

where Z(C; D,) := W YieroyYi — I?C)2 is called the impurity of the cell C.

The term “impurity” here refers to Gini impurity, which is related to the probability of
misclassification in classification trees. In a regression tree setting, we see that it is exactly
equal to the empirical variance of the response within the cell. The second and third terms on
the right-hand side in (12) sum to the residual variance in C after regressing out Xy, which
means that the impurity decrease can be written as

(13) A(k;C,D,) =I(C; D) - Corr (¥, X; | X € C)

as alluded to earlier.

When all leaves satisfy the stopping condition, the current tree ¥ is sometimes pruned to a
subtree ¥ C T. ¥’ is then returned as the output to the algorithm. Several different stopping
conditions and pruning rules are available [13, 42]. Our lower bounds will not depend on
these choices so we will not go into further detail on what these are. Finally, for our upper
bounds, we will make use of the minimum impurity decrease stopping condition, which stops
splitting C when it satisfies

N ~
© ax A&k;C,Dy) <vy

(14) m
n  keld\J(C)

for some prespecified threshold y. We call an output of the algorithm a CART model, and
denote it as fcart(—; Dp).

2.6. Random forests. A random forest model is an ensemble of randomized CART trees.
Specifically, for each CART tree, we fit it to a bootstrapped version of the dataset D,,, denoted
D; and furthermore, at each iteration, a random subset M C [d] of some prespecified size is
drawn uniformly at random with the split covariate is selected from among these covariates,
that is, we set

(15) k(C) := argmax A(k;C, D¥).
keM\J(C)
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Slightly abusing notation, we use fCART(—; D,,, 0) to denote the CART model fitted with a
random seed 6. A random forest model with M trees is then

(16) frE(=; Dy, ©) 1= — Z feart (= Dy, ),
m 1
where ® = (01,0, ...,0x) and 01, 60,, ..., O are drawn i.i.d.

2.7. Greedy tree models. In order to isolate the aspect of CART that leads to its limita-
tions with non-MSP functions, we make a more general definition. We say that A is a greedy
tree algorithm if, similar to CART, it grows a tree greedily in a top—down fashion, but uses
a possibly different criterion O(k; C, D,,) instead of impurity decrease (12) to determine its
splits. We constrain O(k; C, D,) to depend on D,, only via the values of the kth covariate and
the response for observations in C, that is,

(17) O(k; C, D) = F({(Xik, Y i1 )

for a fixed function F that is invariant under the map {( X, Y,-)}iel(c) — {(—Xir, Y,-)},-el(c).s
Since

Xik +2 ero | Xik +21Y\2
(18) I(Tiz(C); Da) = > (I lkz ly. _ Zier© L )
iel(C) Yiero)| Xik +zl

for z = —1, 1, we see that CART is indeed an instance of a greedy tree algorithm. We call an
output of A a greedy tree model and denote it as fG Furthermore, if fG is the base learner
in an ensemble constructed analogously to a random forest, we call the resulting ensemble a
greedy tree ensemble and denote it as fG_E.

3. Covariate selection and high-dimensional inconsistency.

3.1. High-dimensional consistency. We will compare and contrast the performance of
ERM trees and greedy trees in a sparse, high-dimensional setting. To formalize this setting,
we make the following assumption for the rest of this paper.

ASSUMPTION 3.1.  Assume a binary covariate space X = {£1}¢ with v the uniform mea-
sure. Let f;: {£1}* — R be any function. Let §* C [d] be a subset of size |S*| = 5. We
consider the nonparametric model (1) with the regression function f*: {£1}¢ — R defined

via f*(x) = f(x5).

We evaluate the performance of an estimator f for f* using the expected L? risk, where
the expectation is taken over the randomness with respect to D,, as well as potential algorith-
mic randomness ®:

(19) R(f, fi,d,n) :=Ep, o{R(f(—; D, ©), f¥)}.

We say that f has high-dimensional consistency with respect to f(;‘ if there is an infinite
sequence di, d>, ... such that lim,_, %(f, 15 dn,n) =0 and lim,_,logn/d, = 0. In
other words, estimators that are not high-dimensional consistent require, in order to esti-
mate f*, a number of samples that grows exponentially in the ambient dimension. Note that
this definition is intentionally weak, so as to emphasize the weakness of greedy trees under
non-MSP conditions.

5This condition is used in the proof of Lemma C.1.
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3.2. Reduction to covariate selection along query paths. As argued heuristically in the
Introduction, the ability to perform some sort of covariate selection is necessary for high-
dimensional consistency. We begin to make this intuition rigorous by introducing the notion
of a query path. Given a choice of (i) a query point x € {£1}¢, (ii) a regression tree structure
algorithm A, (iii) a dataset D,, and (iv) a random seed ® for 4,, there is a unique leaf £ in
the tree structure A, (D,,, ®) that contains x. We call the path in A, (D,,, ®) from the root to
L the query path of x, and denote it using Q(x; D,, ®). Of special interest to us will be the
covariates split on along the query path, that is,

(20) J(x; Dy, ©) := {k(C): C € Q(x:; Dy, O)}.

Note that to simplify notation, we have elided the dependence of .4;, whose choice will be
clear from the context. The role of the query path in expected risk lower bounds is established
in the following two lemmas.

LEMMA 3.2. Let f be a regression tree model fit using a regression tree algo-
rithm A. Then under Assumption 3.1, its expected L* risk satisfies R(f, fo.d,n) >
(1 —8) Var{ f5 (X)}, where § :=P{J (X; D,, ®) N §* # T}.

PROOF. We start with the trivial lower bound
o o 2
(21) R(f(=; Dy, 0), [*) = Exo{(f(X; Dpn, ©) — f*(X)) 1{J(X; D, ®) N S* = }}.

The collection {J(x; D,, ®) N §* =T} {£1)d can be thought of as a collection of random

events indexed by x € {:I:l}d. Whenever one of these events holds for some fixed value x,
f (x; Dy, ©) is constant with respect to changes in xg+, while by definition f*(x) is constant
with respect to changes in x4\ s+. Utilizing these facts together with the uniform distribution
of X allows us to decompose the conditional expectation of the squared loss as

Ex{(f(X; Dn, ©) — £¥(X))* | Xjan s+ = Xpa\s¢}
(22) = Var{ fX)} + (f (x: Dy ©) — E{ f:X)})?
> Var{ /5 (X)}.

Making the further observation that the function 1{J(x; D,, ®) N §* = &} is constant with
respect to Xg+, we can use properties of conditional expectations to rewrite the right-hand
side of (21) as

23)  Exo[Ex{(F(X; Dy, ©) — £*(X))’ | Xpap s+ }1{J (X; Dy, ©) N §* = 3} ).

Plugging in the bound (22), taking a further expectation with respect to D,, and ®, and sim-
plifying the resulting expression completes the proof. [J

LEMMA 3.3. Let f be a regression tree ensemble model in which each tree is fit us-
ing a regression tree algorithm A. In addition to Assumption 3.1, assume that the re-
sponse variable is bounded almost surely, that is, |Y| < M. Then its expected L? risk satis-
fies i)fi(f, fod,n) > (1 — k) Var{ fF(X)}, where § := maxx P{J (x; D, ®) N $* # &} and
K :=2M/ Var{ f§ (X)}'/2.

PROOF. We first write

. 1 &
(24) f 6Dy ©) =2 3 f( Da, 0)),
b=1
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where f is the base learner of the ensemble. Taking expectations with respect to D, and ©
gives the chain of equalities:

1 & -
EDn,G-){E > f(x: Dy, 91;)} =Ep, 0 {f(x; Dy, 01)}
b=1

= Ep, o, {f (% Dy, 61)1{J (x; Dy, 61) N §* = o}
8
+Ep, 0, {f (% D, 01)1{J (x; Dy, 61) N S* £ 2}} .
h(x)

(25)

For ease of notation, we label the two quantities on the right-hand side as g(x) and /(x)
respectively. Note also that |h(x)| < M4§. Using Jensen’s inequality followed by the tower
property of conditional expectations, we may then compute

Ex.o.p,{(£(X: D,. ©) — £*(X))’)
(26) > Ex{(g(X) +h(X) — £*(X))?}
= Ex{Ex{(¢(X) + h(X) — £*X))* | Xpaps+}}.

We next notice that g(x) is constant with respect to changes in xg+. This means that, similar
to (22), the conditional expectation within (26) can be lower bounded by a variance term,
which we expand as follows:
Ex{(gX) +2X) — £*(X))* | X(ap s+ = Xjaps+}
(27) > Varx {h(X) — f*X) | X[aps* = X[ap\s*}
> Var{ f&(X)} — 2 Var{ f5:X)}/* Varg {h(X) | Xiap s+ = Xpaps+} />
We now plug this back into (26) to get

(28) R(F, f d,n) > (1 —2M8/ Var{ £ X)}'/?) Var{ f§:(X)}. O

4. Greedy trees and the XOR function. Before presenting our main results in full gen-
erality, we first state and discuss how to obtain an expected risk lower bound for the XOR
function f(x1, x2) = x1x2 in the sparse high-dimensional setting (Assumption 3.1). As men-
tioned in the Introduction, the XOR function does not contain any marginal signal and hence
presents perhaps the simplest setting in which CART has been observed to perform much
worse than ERM trees. The example has indeed been discussed before in the literature, but
no formal proof regarding this phenomenon was previously available.

PROPOSITION 4.1.  Under Assumption 3.1, let fi be the XOR function. For any 0 < § <
1, suppose n < 28@=VD/2=2 Then the expected L? risk of any greedy tree model satisfies

(29) R(fa, f§.d,n) = (1 —8) Var| fF(X)}.

If furthermore, |Y| < M almost surely, then the L? risk for any greedy tree ensemble model
satisfies

(30) R(foE, fid,n) = (1 —k8) Var{ fF (X))},

where K :=2M / Var{ f} (X)}l/ 2 In particular, fG and fG_E are high-dimensional inconsis-
tent for fy'.



STATISTICAL-COMPUTATIONAL TRADE-OFFS FOR RECURSIVE PARTITIONING 1273

To prove this statement, given Lemma 3.2 and Lemma 3.3, we need only provide an ap-
propriate upper bound for the covariate selection probability along a query path.

LEMMA 4.2. Under Assumption 3.1, let f; be the XOR function and suppose A; is

greedy. Then for each fixed query point X € {(£1}¢ and random seed ®, the probability of co-
variate selection is upper bounded as Pp, {J (x; Dy, ©®) N S* # @} <2(log,n +2)/(d — 1).

PROOF. Without loss of generality, assume that $* = {1, 2}. The proof idea is to view
the query path Q(x; D, ®) as a stochastic process indexed by node depth. In other words,
writing the path as Q(x; D,, ®) and the sequence Cyp D C; D --- D (j, the information at
time ¢, for t =0, 1, ... comprises the node C; as well as its auxiliary information: the split
criterion values O(k; C;, D,) for k ¢ J(C;) and split covariate k; (x; Dy, ®) := k(C;). We will
couple this process to two other query path processes, both of which can be shown to select
covariates completely at random. On the high probability event that the coupling holds, we
are thus able to bound the covariate selection probability of the original query path.

Step 1: Defining the path coupling. Define the modified dataset Dfll) ={Xi -1, Y)Y,
that is, so that the first covariate is dropped from each observation. Define D;,z) analogously,
but by dropping X» instead of X;. We will analyze the query paths, Q(x; D,(,l), ®) and
Q(x; D,(lz), ®), obtained from these modified datasets and compare them with the original.

Step 2: Coupled paths select covariates randomly. For a = 1, 2, observe that for any fixed
value of x_,, we have

1
31 P{X1X2:1|X_a:x_a}:§.
This implies that the response Y is independent of the covariates in the modified dataset D,(f’).
Combining this with the fact that the covariates are drawn uniformly from {£1}¢~! as well
as the symmetry of the splitting criterion, we see that the distribution of D,(,a) is invariant

to permutation of the covariate indices. As such, J(X; D,(la), ©®) is the prefix of a uniformly
random permutation of [d]\{a}.

Step 3: Bounding covariate selection in coupled paths. For any b € [d]\{a}, we use the
previous step to compute

J(x; D(a), ®
(32) PlbeJ(x; D,<ﬂ>,®)|\J(x;D,g@,@)y}g'(xd—”l)'.
Taking a further expectation and using Lemma C.2 gives
Plbe J(x; D, 0)) =E{P|{b e J(x; D, ©) | |/ (x; DV, ©)]}}
- log, n + 2‘
- d-1
Step 4: Decoupling implies covariate selection. We claim the following inclusion of
events:

(33)

2
34 YU Dw®#£J(x;DP,0)}c{lel(x;DP,0)}Uf2eJ(x;DV, )}

a=1

To prove this, assuming the left-hand side, let ¢ be the smallest index for which k; (x; D,(f’),
®) # k/(x; D,, ®) for some a, which we assume without loss of generality is a = 1. This
implies in particular that the depth ¢ node along all three query paths are equal. Label this
node as C;. We now examine the possible values for k;(x; D,, ®). For j # 1, we have

(35) O, C, Dn) = F({(Xij, Y }ier0) = O, G, D).



1274 Y. S. TAN, J. M. KLUSOWSKI AND K. BALASUBRAMANIAN

Recall that k;(x; D,, ®) is defined to be the maximum of the left-hand side over j ¢ J(C;).
Meanwhile, k;(x; D,(,l), ®) is defined to be the maximum of the right-hand side over j ¢
J(C;) U {1}. As such, we see that the only way in which these can be different values is if
k:(x; Dy, ®) = 1. This would imply, however, that k; (X; D,(lz), ®) =1 as we wanted.

Step 5: Completing the proof. Suppose J(x;D,,0) N S* # . If coupling does not
hold (i.e., the left-hand side of (34) is true), then we see that either 1 € J(x; D,(,Z), ®) or
2e Jx; D,(,Q), ®). On the other hand if coupling does hold, then we again have either
1e J(x;D,, 0)=J(x; D,(,z), ®or2eJix;D,, 0)=J(x; D,(,U, ®). In conclusion, we have

Pp, {J(x; Dy, ®) N S* £ @) <P{1 e J(x; DP, )} + P2 € J(x; DV, ®)}

(36) 2(logon +2)
<—) ]
d—1

REMARK 4.3. The technique of controlling a stochastic process by coupling it to another
one which allows for more convenient calculations was also used by [49] to analyze the con-
vergence of online SGD for the problem of phase retrieval, and by [3, 5] to analyze gradient
descent on leap functions.

5. Greedy trees and non-MSP functions. The XOR function is an example of a func-
tion not satisfying [1]’s merged-staircase property (MSP). As promised, the lower bound for
the XOR function can be extend to a general lower bound for this class of functions. To
motivate why this is the case as well as the type of bounds we may expect, we first further
investigate what it means for f*, written as in (4), to not satisfy MSP.

Construct a directed hypergraph whose vertex set is S := {S1, $2, ..., S} U &, in other
words, the subsets of [d] corresponding to nonzero Fourier coefficients of f*, together with
the empty set (if not already present). Recall that an edge in a hypergraph is a relationship
between a pair of subsets of vertices. In G, we put an edge {S},, Sj,, ..., Sj,_,} = S if

k—1
Sjk \ U Sji
i=1

Finally, put a weight function w: & — R defined by w(S) := ag. We refer to the weighted
graph Gz« as the Fourier graph of f*.

It is clear that MSP is equivalent to G+ being a connected graph. Now let Sysp denote
the connected component of the empty set & in G ¢+ and set Sygp := Uges,er S- By adapting
Lemma 4.2, we can show that any covariate X with index not in Syjqp is marginally unde-
tectable, and thus rarely selected, on any query path of a greedy tree. We then modify Lemma
3.2 and Lemma 3.3 to translate lower bounds on the covariate selection probability into more
nuanced expected risk lower bounds that can be stated in terms of the MSP residual of f*,
defined as rmsp 1= Y _gc S\Susp XS XS (see Lemma D.2 and Lemma D.3 in the Supplementary
Material).

Naively following this recipe will produce a result with a sample dependence of
29d/s+00) In other words, we have a weaker lower bound on the necessary sample size
as the support size of f* increases. This dependence does not always make sense: For in-
stance, the bound obtained for the function f* := x4 is trivial, even though this is in some
sense the most complicated function possible.

To overcome this limitation, we make a new definition. We say a subset T' C [d]\Sygp is
a traversal of S\Susp if for any S € S\Susp, we have |T N S| > 2. It is easy to see that a
traversal always exists.

(37) <L
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In other words, a traversal T C [d] is a small set of coordinates that intersects each
non-MSP interaction in at least two indices. If, along the root-to-leaf path followed by a query
point x, a greedy tree never splits on any coordinate in 7', then all of these non-MSP inter-
actions remain effectively invisible to the algorithm, and the corresponding residual rysp(X)
contributes a nonvanishing portion of the risk. Therefore, expected risk lower bounds can be
established so long as we can derive lower bounds on the probability that the traversal is se-
lected along a query path (see Lemma D.1 in the Supplementary Material). Putting the pieces
together yields the first main result of our paper.

THEOREM 5.1.  Under Assumption 3.1, let f =} gcsasxs be any non-MSP function,
and let rvsp = Y_ges\Sysp XS XS denote its MSP residual. Let st be the minimum size of a
traversal for S\Susp and let smsp := |Sygpl. For any 0 < § < 1, suppose logyn < 6(d —
smsp — ST + 1)/sT — 2. Then the expected L? risk of any greedy tree model satisfies

(38) iﬁ(fg, 1o d,n) > (1 —38) Var{rusp(X)}.

If furthermore, |Y| < M almost surely, then the L? risk for any greedy tree ensemble model
satisfies

(39) R(for, f5.d,n) > (1 — «8) Var{rusp(X)},

where K :=2M/ Var{ f (X)}l/ 2 n particular, fG and fG-E are high-dimensional inconsis-
tent for f.

PROOF. See Section D of the Supplementary Material. [

REMARK 5.2. Itis possible to obtain similar lower bounds that hold with constant proba-
bility rather than in expectation. These results are available in Section J of the Supplementary
Material.

REMARK 5.3. By orthogonality properties, we have

(40) Var{rusp(®)} = Y a5 =w(S\Swsp).
$€S\Smsp

In other words, the lower bound value is essentially equal to the total weight of vertices in
G r+ not connected to the empty set. This quantitative connection between lower bounds and
Fourier graph properties will be further enriched in Section 8.

As a consequence of Theorem 5.1, we may summarize its implication for the class of
greedy tree estimators introduced in Section 2 as follows.

COROLLARY 5.4 (Informal). Assume X = {1} and v = Unif({£1}%). Let f* depend
on at most s covariates and suppose that f * does not satisfy MSP. Then, for any greedy tree
estimator fg in the class described in Section 2,

IEDn{R(fG(—; Dy), f¥)} =Q1) whenever n =exp(0(d)).

In particular, under the high-dimensional scaling regime logn = O (d), greedy tree proce-
dures are not high-dimensional consistent at non-MSP targets, even when f* is s-sparse. To-
gether with Proposition 6.2 to come, this yields the statistical-computational trade-off stated
in Theorem 1.1: ERM trees achieve vanishing risk in the same regime under the same sparsity
assumptions, whereas greedy trees incur a nonvanishing error.
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6. ERM trees and minimax rates. To help to contextualize our lower bounds for greedy
tree models, we first state minimax lower bounds for the estimation problem defined by As-
sumption 3.1. It is well known that for sparse regression problems over continuous covariates,
consistency is possible under a scaling regime where the sample size n is at most polyloga-
rithmic in the dimension d. This holds both when the regression function is linear [54] and
when it is nonlinear [55]. Over binary covariates, standard information theory techniques can
be applied to derive a similar minimax lower bound.

PROPOSITION 6.1. Under Assumption 3.1, further suppose that €1,€2,...,&n ~iid.
N, 62) and 2° log((d —s)/4) > 16log?2. Let 5 denote all real-valued functions on {£1}°.
Then we have the minimax lower bound

R 2502 logd
@1) inf max R(F, f.d.n) = Q(Uiog)
f I5eSs n

PROOF. See Section E of the Supplementary Material. []

Up to logarithmic factors, this minimax rate (in n, d, and s) turns out to be achievable by
ERM trees, as shown in the following proposition. In particular, we see that ERM trees are
high-dimensional consistent for any f;'.

PROPOSITION 6.2. Under Assumption 3.1, further suppose that €1,€2,...,8n ~iid.
N0, 0?) and ||f0*||OO < M. Consider the ERM tree model (11) with the constraint set T’
comprising all tree structures of depth at most s. For any f, its expected L? risk satisfies the
upper bound

(02 + M?*) (2 logd + 1ogn)>

(42) R(forns [+ d, 1) = 0( .

In particular, fERM has high-dimensional consistency with respect to f'.
PROOF. See Section F of the Supplementary Material. [J

REMARK 6.3. The Gaussian assumption on the noise can be relaxed to a sub-Gaussian
assumption. This extension however adds technical complications to the proof and is hence
omitted. In comparison, note that our lower bounds for greedy trees and ensembles have not
required any additional assumptions on the noise distribution.

7. CART and MSP functions.

7.1. Characterizing high-dimensional consistency for CART. In this section, we will
show that MSP is a nearly sufficient condition on a regression function f* in order for CART
to have high-dimensional consistency. Together with results from Section 5, this would com-
plete the characterization we desire.

When f* satisfies MSP, its associated hypergraph is connected. It is easy to verify that
this implies that for any cell C on which f* is nonconstant, there exists a term ag s in its
Fourier expansion such that S\ J(C) = {j} for some j. Unfortunately, this is not enough to
guarantee that X ; is marginally detectable, due to the possibility of cancellations. To see how
these may arise, consider the function

(43) fH(X) = x1 +x2 + x1x2 + x2x3.
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Then on the cell C := {x € {1} : x; = —1}, the restriction of f* to C satisfies
(44) fHle®) =—=1+x2 + (=Dx2 + x2x3 = —1 + x2x3.

In other words, f*|¢ is non-MSP, and by the results of the previous section, CART as well
as other greedy tree methods cannot make further progress.

Fortunately, in some sense, exact cancellations happen rarely. To be more precise, first
note that MSP is a condition on the Fourier support S of f* rather than on f* itself. Starting
with such a collection, we see that the existence of a cancellation such as that in (44) is a
linear constraint on the coefficients {os}gcs. If we draw these values from any distribution
on R!®! that is absolutely continuous with respect to Lebesgue measure, the constraint hence
forms a measure zero set, as does the union over all possible constraints. Thus, our results may
equivalently be read deterministically for any fixed set of coefficients outside this exceptional
set.

We say that a function f* satisfies the stable merged-staircase property (SMSP) if, for
any C C {£1}?, the restriction f*|c is MSP. We have thus shown that under a random per-
turbation of its coefficients, any MSP function is SMSP almost surely (see Proposition G.1 in
Supplementary Material).

Next, one can prove that /™ is SMSP if and only if it satisfies the SID condition (7) for some
value of A > 0 (see Proposition G.2 in Supplementary Material). Previous work, specifically
[18], who first introduced the SID condition, as well as [37], provide upper bounds for the
estimation error of CART given the SID condition. These results and proofs are stated for
continuous covariates, but can easily be adapted to a discrete covariate setting. We revisit this
last statement in the next subsection. Assuming this for now, our discussion thus far yields
the following characterization theorem.

THEOREM 7.1. Let S be a collection of subsets of S*. Draw coefficients {as}gcs from
any distribution on RS! that is absolutely continuous with respect to Lebesgue measure, and
set f§ =Y sesasxs. Then almost surely the following holds under Assumption 3.1:

o If S satisfies MSP, then the CART estimator fCART is high-dimensional consistent with
respect to fy'.

e IfS does not satisfy MSP, then the CART estimator fCART is high-dimensional inconsistent
with respect to f.

REMARK 7.2. While [45] obtained a family of upper bounds for CART in a binary
covariate setting, their assumed condition (see Assumption 4.1 their paper) turns out to
be stronger than the SID condition. Their assumption comprises a type of submodular-
ity for the population impurity decrease values for a fixed covariate, more precisely that
A(k; C) > AA(k; C"), whenever C' C C and for all k ¢ J(C'). Here,

(45) A(k; C) := Corr*{Y, Xy | X € C} Var{ f*(X) | X e C}.

For an example of an SID function that does not satisfy this assumption, consider f*(x) =
x1 + x1x2, in which A2, {£1}¥) =0and A2, {x e {£1}¢: x1 =1} = 1.

REMARK 7.3. The failure of the directed hypergraph structure G+ to fully reflect the
statistical properties of the regression function f* under some circumstances is reminiscent
of the potential for DAGs representing a Markov factorization of a distribution to fail to be
faithful to its conditional independence structure [51].
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REMARK 7.4. It is natural to ask whether our lower bounds can be extended to han-
dle all f* that do not satisfy SMSP (or equivalently the SID condition). This turns out
to be impossible—there exist functions that do not satisfy SMSP, but for which high-
dimensional consistency holds. For instance, consider f*(x) = x1 + 2x2 + 2x1x2 + x2X3.
Since f*|{x,=—1) = x2x3, this does not satisfy SMSP, but on the other hand, CART would
always first split on x> given enough samples, in which case this cancellation never occurs.
Indeed, by reformulating CART as a sequential greedy approximation algorithm for convex
optimization in a Hilbert space, [33] showed high-dimensional consistency for additive mod-

els and arbitrary covariates without the SID condition.

7.2. Sharp upper bounds for CART. The SID assumption does not always lead to sharp
bounds. Consider for instance the sth order AND function f*(x) =1{x; =1: j=1,2,...,
s}. We may compute Corrz{ X)), X} =2 - 1)~!, which implies that f* does not satisfy
SID with any A below this value. Note that the SID condition is used to guarantee that, for
every cell C, there exists a potential split that would decrease the residual variance within C by
a constant factor of at most 1 — A. Combined with concentration of impurity decrease values,
one can then form a recursive inequality of the form J(/ + 1) < (1 — A/(1 4+ €))J (I), where
J (1) denotes the squared bias of the CART tree grown to depth / and € is a finite-sample error.
Iterating gives J (/) < J(0) exp(—Al/(1 + €)), while the variance at depth [ is 02! /n), up to
poly-log factors in n and d. Balancing bias and variance requires exp(—l/(1 +¢€)) ~ 2! /n,
that is, [ =~ logn/(A/(1 + €) 4+ log?2), in which case we obtain the optimized risk bound
O (n=/((A+6)log2+2)y qubstituting A = (2° — 1) ™! shows that the exponent A /((1 +¢€) log2+
A) is of the order 27, so the bound is trivial unless log, n = €2(2*). We will soon show
that this is unnecessarily pessimistic, with the true sample complexity of the order log, n =
2s +o(1).

On the other hand, while the AND function has poor marginal signal strength at the
root, the marginal signal strength improves as the tree gets deeper and more of the relevant
covariates are selected. Indeed, we have Corr?{ XX 1 Xi=Xo=--=X;1=1}=
(267 —1)~!. By only quantifying the worst case signal strength, the SID condition is unable
to capture and exploit this nuance.

To provide a sharper bound, we need to provide a new definition. We say that f* has the
A-stable merged staircase property, denoted f* € SMSP(A), if for any cell C C {#1}¢ such
that f|c is not constant, we have

20 px —1J(©)NS*]
(46) ke[gl]2\1§(0)cov {fFX), Xk | X eC}2 > A
Compared with the SID formula (7), this definition is stated in terms of the squared covari-
ance and further modulates it with the base 2 exponential of the number of relevant covariates
already split on. This quantity more accurately captures the signal-to-noise ratio for the prob-
lem of covariate selection within C. Indeed, rather than attempt to control the amount of bias
reduction at each split, we will instead lower bound the probability of selecting a relevant
covariate. Formalizing this approach yields the following theorem.

THEOREM 7.5.  Under Assumption 3.1, let fi € SMSP()). Suppose ¢ is sub-Gaussian
with parameter o [54]. Denote

(47) 7= 18(9) f* 112, + 02)((s + 2)log 3 + log(2dn))

and suppose the training sample size satisfies n > SA—T. Suppose further that we fit fCART

with the stopping rule given by a minimum impurity decrease value y satisfying + <y <
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(\/g — \/%)i Such a value y exists given the lower bound on n. We then have the expected
L? risk upper bound

2(If* 13 +0)(s +10gn)>
» .

(48) m(fg,f(;*‘,d,n)=0<
In particular, fCART is high-dimensional consistent for fg‘ .
PROOF. See Section H of the Supplementary Material. [

Returning to the example of the AND function, it is easy to check that we may set A in
(46) to be 27, Plugging this into Theorem 7.5 shows that (48) holds whenever n = Q(s2%%)
in agreement with what was mentioned earlier.

8. Robust lower bounds for greedy trees. In this section, we will prove lower bounds
for MSP functions that depend on how far they are from being non-MSP. Since being
non-MSP is a somewhat fragile property and can be destroyed by small perturbations of
the zero coefficients of the function, we call these robust lower bounds. In doing so, we will
also strengthen the connection between the Fourier graph of a function f* and its estimation
properties using greedy trees and ensembles. These lower bounds will provide further perfor-
mance gaps between greedy trees and ERM trees. Finally, comparing the lower bounds with
the results from the previous section enable us to get a sense of how sharp both sets of bounds
are.

To motivate the theorem and our proof technique, we first revisit the sth order AND func-
tion discussed in the previous section. We have already seen that O (s2%%) samples are suffi-
cient for CART to achieve small estimation error. While a much smaller number than what
was previously achievable using the SID assumption, it is still larger than the upper bound
of O(2%) achievable using ERM trees (Proposition 6.2). Nonetheless, the weak upper bound
turns out to be relatively sharp. To see this, we write

N

(49) 1{xj:1:j:1,2,...,s}=]"[<

j=1

Xj—i-l

N
) =27+ ) 27"x; + higher-order terms.
j=1

From this representation, we see that all first-order terms have small coefficients when s is
relatively large, and if removed, will turn the function into a non-MSP one.

This argument can be made rigorous via the technique of coupling. Let f* denote the
AND function and let define f * via f *x) = ff(x) — Zj'»:] 27%x;. Now define a dataset

n .

Dy = {(X;, Y}y with ¥; = f*(X;) + ¢ fori=1,2,....n.If &1, 62, ..., 8, ~ N(0,02),
it is easy to check that the Kullback-Leibler divergence between the original and modified
datasets satisfies

. s2—2sn
(50) KL(DpDp) = ———-
20
Using Pinsker’s inequality, this gives a bound on the total variation distance, which we use to
argue that there is a coupling between the two datasets with a probability at least 1 — ‘924;2; z

event on which they are equal. The probability of this event is thus at least 1/2 unless n =
Q(2%/s), and on this event, a lower bound on the estimation error for f * translates to one
on the estimation error for f*.

This coupling technique can be extended to handle other MSP functions. Considering the
Fourier graph of the AND function, we see that the vertices {1}, {2}, ..., {s} form a vertex
cut whose removal disconnects the vertex & from the rest of the graph. More generally, if
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we can identify a vertex cut 3 for the Fourier graph of some function f* =3 g¢.sasxs,
its weight w(13) quantifies the L? distance between f* and the non-MSP function f* B =
2_ses\BAsXs- Any estimation error lower bound for f* 5 can therefore be translated into a

lower bound for f* on the probability at least 1 — ,/ % event that datasets generated with
these regression functions can be coupled.

To state this more formally, we first note that the Fourier graph of f*, is equivalent to
the induced subgraph of S\B in G s+, denoted G r<[S\B]. Denote the connected component
of the empty set & in G +[S\B] as S_p,msp and set %3 ygp = Uses_j3 yep S+ Furthermore,
let S_p,—msp := S\(S—B.msp U B) denote the subcollection comprising all vertices discon-
nected from & in G r«[S\B]. We have the following elaboration on Theorem 5.1.

THEOREM 8.1. Under Assumption 3.1, suppose €1, €2, ...,&n ~iid N0, o?), and let
g P be the Fourier graph of f§ with weight function w. Let B C S be a subset of vertices of
gfo*. Let st be the minimum size of a traversal T for S_p,_msp such that T C [d]\SfB’MSP
and let s_p Msp := |SfB,MSP|. For any 0 < § < 1, suppose

d(d — s—B,msp — ST) 8202
—2, log, —1;.
28T w(B)

(51) logyn < min{

Then the expected L? risk of any greedy tree model satisfies
(52) R(fo, £ d.n) = (1 = H)w(S-5,-msp)-

PROOF. See Section I of the Supplementary Material. [J

As seen from the AND function, the sample complexity bound in Theorem 8.1 can
be relatively sharp. This is not always the case however. Consider, for instance, f* =
Z;;ll X125y Foxq2,..5) + Z?S:SH X{1,2,....j}- Applying Theorem 8.1 to this function
gives a sample complexity lower bound of min{€2(1/ a?), exp(£2(d))}. On the other hand, we
have
(53) max  Cov?{f*(X), Xi | X1, X2, ..., X;—1]27° =a?27,

kef{s,s+1,...,d}
which implies that the sample complexity upper bound from Theorem 7.5 is Q(2°/a?). One
may show that this upper bound is sharp—due to the structure of f*, with enough samples,
CART will only attempt to split on x; at depth s, in which case the sample size available for
determining this split is approximately n /2. This nuance is not captured by our lower bound,
yet any attempt to address it seems to require sacrificing some aspect of the generality of our
result. We hence leave this effort to future work.

REMARK 8.2. Since (39), the lower bounds for greedy tree ensembles, requires a
bounded noise assumption, it does not immediately extend to a robust lower bound, which
requires a Gaussian noise assumption. This can be overcome by conditioning on the highly
probable event on which maxj<;<,|Y;| < Co+/logn for some universal constant C.

9. Extensions of lower bounds. The results in our paper have been presented in the
setting of binary covariates under the uniform distribution. Nonetheless, our lower bound
proof techniques also apply more generally, which we illustrate in this section. First, recall
that our strategy has been to (i) derive an upper bound on the probability of selecting relevant
covariates (cf., Lemma 4.2) and then (ii) turn this into a lower bound on estimation error (cf.,
Lemma 3.2 and Lemma 3.3). The arguments for the second step are very general and depend
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only on the independence between the relevant covariates and the irrelevant covariates. As
such, aside from this consideration, the barrier to any extension lies with the the first step.
With this in mind, we illustrate two extensions of the bounds to continuous covariates. That
is, we study the setting X = [0, 11¢, v = Unif([0, 1]%).

Note also that in the continuous setting, CART and RFs are invariant to rescaling of the
covariate values, such that any analysis of the uniform distribution immediately extends to
distributions with continuous densities and independent covariates. More precisely, consider
product measures v = ®?:1 v; on R? whose marginal distributions v ; admit continuous
c.d.f.s (not necessarily with compact support). Applying the probability integral transform
componentwise maps such a v to the uniform distribution on [0, 1]¢. Since CART and RFs
depend only on the ordering of feature values, this coordinatewise monotone reparametriza-
tion leaves the fitted trees, and hence our lower bounds, unchanged.

EXAMPLE 9.1. Consider the original CART and RF algorithms [26]. The XOR function
can be extended to continuous covariates as a step function:

54) Frx) =1{x1xp > 1/2} — 1{x1x2 < 1/2}.

Similar to discrete covariate setting, there is marginal signal bottleneck, and we may almost
completely imitate the proof of Lemma 4.2 to obtain an estimation error lower bound for the
CART and RF estimators whenever logn < Cd for some universal C. The only caveat is that
we can no longer use the results from Section C of the Supplementary Material to bound the
query path length to be O(logn). To regain such a bound, it suffices to ensure relatively bal-
anced splits on irrelevant covariates with high probability, which can be enforced in practice
by restricting, at each split on a continuous covariate within a cell C, the candidate thresholds
to lie between the empirical «- and (1 — «)-quantiles (for some fixed « € (0, 1/2)) of that
covariate in C. Under the assumption of independent covariates with continuous densities
bounded away from 0 and oo, this implies that both child cells C;, and Cr have Lebesgue
measure that is a constant fraction smaller than their parent.

Observe that the more general lower bounds in Theorem 5.1 and Theorem 8.1 also gener-
alize, with the modification that each monomial xg is redefined as

(55) xs) =[] 272 (1{x; = 1/2} — 1{x; < 1/2}).
jes
However, unlike the binary covariate setting in which these monomials form a basis for the
entire space of L? functions, these are but a small subset of L2([0, l]d), which makes the
theory less satisfying.
On the other hand, we note that LZ([O, 14 ) possesses a wavelet basis, which is constructed

as follows: For each depth/ =0, 1,2, ..., form=1,2,..., 2! define the univariate function
m—1 m—1/2 m—1/2 m
(56)  Yim(x) = _21/21{7 <x< T} +zl/2]1{T <x< ?}.

As we vary [ and m, this forms the Haar wavelet basis for L2([0, 1]), and we can extend
it to a basis for L2([0, 1]%) by taking products. Just as the Fourier basis gives a convenient
basis for analyzing CART when applied to binary covariates, the product Haar wavelet basis
is convenient for analyzing dyadic CART, whose splits are constrained to be at the midpoint
of each side of a given cell. Indeed, the impurity decrease for splitting on a covariate X in a

cell C can be written as (fo\vz{Y, Y1.m(Xx) | X € C} for an appropriate choice of (I, m).
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EXAMPLE 9.2. Consider the sine function f*(x) = sin(7x1). One can show that for any
cell C, unless C has already split on x1, f*(X) is conditionally independent of o 1(X1) in C.
Using a modification of our coupling technique, one can therefore show that dyadic CART,
when fitted to data generated from this function, will make random splits. We therefore obtain
a constant lower bound for the estimation error of dyadic CART and RF estimators whenever
log, n < Cd for some universal C.

To see how far we can push this result, we next construct the equivalent of the Fourier
graph. To this end, we first index each basis element using a collection of tuples, that is, given
Ac=A{k;,lj,mj): j=1,2,...,r} define xa(X) :=[1}_; ¥1;,m; (xk;). Now given any func-
tion f* € L%([0, 1]¢), we may write it as f* := Y, .o aa X;.. Define the directed hypergraph
G with vertex set £ and put an edge {AV, AP, ..., A@D} — AWU+D if the following hold: (i)
the union U;I-ZI AY) contains at most one entry for each covariate, (ii) |A@TD\ U?:] AV <
1 and (iii) if A<q+‘>\uj’.:1 AW ={(k,1,m)}, then (k,I — 1, [m/2]) € Uis A, Similar to
the binary case, we define a weight function via w(A) := af\ and call (G, w) the wavelet
graph of f*.

The natural analogue of MSP is connectedness in the wavelet graph and one would expect
the absence of this condition to imply high-dimensional inconsistency. Unfortunately, dis-
connectedness alone does not imply the conditional independence we need for our previous
proofs to go through. For instance, if we set f*(x) = vr1 1(x1), then {(1, 1, 1)} is disconnected
from @ in the wavelet graph. While this implies that the random variable ¥y 1(X1), which
corresponds to a first split on x1, is uncorrelated with the response variable Y in any cell, the
two variables are still clearly dependent. We leave how to address this issue to future work.

Finally, we note that while our current analysis is tailored to the uniform distribution and
relies on the structure of Fourier or wavelet bases, recent work in computational learning
theory has pursued more distribution-agnostic complexity characterizations. For example,
[29] analyze the statistical and gradient query complexity of learning sparse functions under
general product measures.

10. Overcoming marginal signal bottleneck. The proof of our lower bounds isolates a
source of the potential poor performance of greedy trees: It stems from their use of marginal
projections of the dataset (cf., equation (17)) to determine splits instead of using its joint
distribution. While this increases computational efficiency, it runs into problems when large
regression function heterogeneity is masked by weak marginal signal. We called this problem
marginal signal bottleneck. In this section, we discuss the ability of other classes of regression
tree algorithms to avoid the marginal signal bottleneck problem and the computation price
each incurs in doing so.

Within the family of greedy algorithms, [36]’s GUIDE algorithm tests for pairwise interac-
tions when selecting splits and is thus able to estimate the XOR function. On the other hand,
it is unable to estimate higher-order monomials. One can generalize this idea in a binary fea-
ture setting to permit splits on k-way monomials [ ;¢ ¢ x; with [S| < k. Such an algorithm can
indeed learn leap-k regression functions (e.g., order £ monomials, see also Section K of the
Supplementary Material, under a genericity condition on Fourier coefficients, with a much
lower sample complexity of O (klogd), but at a much higher computational cost of O (nd*)
per split. However, for functions beyond leap-k (e.g., monomials of order larger than k), all
conditional correlations of degree < k vanish, so consistency still requires exp(£2(d)) sam-
ples. Alternatively, CART can be modified to allow for splits that are oblique, that is, along
linear hyperplanes Z?:l Bjx; depending on multiple covariates [15]. This creates fewer op-
portunities for signal bottleneck—for instance, the XOR function in continuous covariates is
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no longer an issue. However, optimizing over oblique splits is vastly more computationally
intensive and also reduces the interpretability of the resulting model.

Bayesian CART [19] and its ensemble version, Bayesian Additive Regression Trees
(BART) [20] put regression trees in a Bayesian framework and use a Metropolis—Hastings
strategy to sample from its posterior. Each MCMC iteration can be thought of as a stochastic
update of the tree structure and can potentially escape local minima in which deterministic
methods may get stuck. However, [48] was able to show that the sampler mixes slowly and
in fact becomes increasingly greedy as the training data increases, leading to problems with
estimating the XOR function.

Due to improvements in hardware as well as generic optimization solvers, directly solving
the ERM problem for decision trees has become much more feasible than before and is cur-
rently an active area of research. Various approaches have been formulated, including mixed
integer linear programming [7, 11, 52, 59] and dynamic programming [8, 21, 27, 35, 58].
Most of these works focus solely on algorithms for classification trees, with [58] the only
work we are aware of that as introduced an algorithm for optimal regression trees. On the
theoretical front, it is interesting to examine if this class of algorithms can provably overcome
the limitations of greedy trees and their ensembles, under polynomial runtime constraints.

11. Simulations. To supplement our theory, we perform a simulation study in which we
generate training data according to (1), with the covariates distributed uniformly on {£1}¢
and the regression function chosen to be f*(x) = x1x2 + ax;. This corresponds to the XOR
function when o = 0, while setting nonzero « allows for some amount of marginal signal.
We vary d € {10, 20, 30, 40, 50}, log, n € {7,9, 11, 13,15}, « € {0,0.02}, and &2 € {0,0.1}.
We use two metrics to evaluate the performance of CART on each dataset:

e Expected mean squared error (MSE) R( fc ART, ), where fc ART 18 fitted with a minimum
impurity decrease stopping criterion (14). Here, the threshold y is selected based on a held-
out validation set.

e Split coverage of each feature X; by a CART tree ¥ that is grown to purity, that is, with
no stopping criterion. Split coverage is defined as

(57) coverage(k, %) := Z 2_depth(£)ﬂ{path from root to £ splits on Xy }.
LEPX)

For the uniform measure, coverage(k,¥) computes the probability that the root-to-leaf
path in ¥ followed by a random query point X splits on the feature Xy.

Selected results from the experiment, averaged over 200 replicates, are shown in Figure 1
and Figure 2. In each panel of Figure 1, we plot how expected MSE varies across the grid
of n and d values, stratifying on all other hyperparameters of the data generating process. In
both panels, we focus on the noiseless setting (o> = 0), under which the null model satisfies
R(O0, f*) =1 4 . The left panel corresponds to the XOR setting (o = 0), while the right
panel corresponds to o = 0.02. Note that while d varies on a linear scale, n varies on a log-
arithmic scale. Nonetheless, in the left panel, we see that the expected MSE values increase
along the bottom-left to top-right diagonal, reflecting that the sample complexity required
to “learn” the regression function has exponential dependence on the ambient dimension,
which is in agreement with Proposition 4.1. This exponential dependence disappears in the
right panel, even though the energy of the additional term, 0.02X, is much smaller than
that of the main term X{X». This agrees with the high-dimensional consistency guarantee
provided in Theorem 7.5. Figure 2 similarly plots how split coverage varies across the grid
of n and d values, fixing « = 0 and o> = 0. For this figure, however, the left panel corre-
sponds to the coverage of X», a relevant feature, while the right panel corresponds to the
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FIG. 1. Expected MSE R(fCART, f) for CART fitted to Y = X1 X + a X1, with a = 0 (left panel) and o = 0.02
(right panel). CART is fitted with a minimum impurity decrease stopping criterion. We observe high-dimensional
consistency in the right panel since the true function satisfies MSPand lack of high-dimensional consistency in the
left panel since the true function does not satisfy MSP.

coverage of X3, which is an irrelevant feature. In the left panel, we see that coverage of X»
has a decreasing trend across the bottom-left to top-right diagonal, which again shows that
the sample complexity required for reliably performing feature selection grows exponentially
in d, in agreement with Lemma 4.2. The right panel gives reference values for coverage of
an irrelevant feature. One may observe that these values are upper bounded by log,n/d.
Additional simulation results, including those for o2 = 0.01, are shown in Section L of the
Supplementary Material.

12. Discussion. In this paper, we have provided rigorous estimation error lower bounds
for CART and RFs that show they have the potential to get stuck in local minima. In fact, we
have been able to go much further by evaluating the performance of regression tree algorithms
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F1G. 2. Split coverage for features X, and X3 for CART fitted to Y = X|Xo, without any stopping criterion.
Split coverage is defined in (57). We observe that the sample size required to reliably split on the relevant feature
grows exponentially in d.
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in terms of high-dimensional consistency. We have used the MSP to completely characterize
the regression functions for which CART is high-dimensional consistent and secondly estab-
lished performance gaps between greedy and globally optimal tree algorithms over a large
class of regression functions.

Our work adds to the small but growing literature on negative results for regression trees
and ensembles. [50] showed that RFs can be inconsistent when its constituent trees are not
diverse enough. [46] proved that individual regression trees are inefficient at estimating ad-
ditive structure, regardless of the way in which they are optimized. [16] demonstrate that
when trees are fitted with CART to a constant signal model, they tend to place splits near
the boundaries of the covariate space. This tendency can result in nodes containing very few
samples—a significant problem when uniform control over estimation accuracy is desired,
such as in the context of heterogeneous treatment effect estimation. Finally, [48] proved that
mixing times for Bayesian additive regression trees can increase with the training sample
size.

These results, especially when used as part of a head-to-head comparison against other
methods, sound a note of caution that regression trees and ensembles should not be used
blindly, despite their popularity—in certain situations, their output can be unexpectedly in-
accurate or vastly inferior to that of other methods. They also suggest ways in which these
methods can be modified to overcome their shortcomings or justify changes that have already
been proposed.

Finally, while we have proved lower bounds for greedy axis-aligned regression trees, it is
natural to ask whether lower bounds of a similar flavor hold for oblique regression trees
as well as other more general classes of regression trees and ensembles under computa-
tional constraints. We hope our work will serve as a first step in clarifying the statistical-
computational trade-offs inherent within the class of greedy algorithms fitting regression trees
and ensembles.
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SUPPLEMENTARY MATERIAL

Supplement to “Statistical-computational trade-offs for recursive adaptive partition-
ing estimators.” (DOI: 10.1214/25-A0S2603SUPP; .pdf). Section A discusses related work
on consistency of ERM trees, greedy trees and nonadaptive trees. Section B derives a lower
bound for nonadaptive trees. Section C derives an upper bound for the length of query paths.
Section D provides a proof of Theorem 5.1. Section E provides a proof of Proposition 6.1.
Section F provides a proof of Proposition 6.2. Section G provides some results regarding the
stable MSP property. Section H provides a proof of Theorem 7.5. Section I provides a proof of
Theorem 8.1. Section J provides constant probability lower bounds. Section K makes com-
parisons between greedy regression trees and neural networks trained by SGD. Section L
provides additional simulation results.
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